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Abstract
Bruen proved that if A is a set of points in AG(n; q) which intersects every hyperplane in at
least t points, then |A|¿ (n+ t−1)(q−1)+1, leaving as an open question how good such bound
is. Here we prove that, up to a trivial case, if t ¿ ((n − 1)(q − 1) + 1)=2, then Bruen’s bound
can be improved. If t is equal to the integer part of ((n− 1)(q− 1) + 1)=2, then there are some
examples which attain such a lower bound. Somehow, this suggests the following combinatorial
characterization: if a set S of points in PG(3; q) meets every a7ne plane in at least q− 1 points
and is of minimum size with respect to this property, then S is a hyperbolic quadric.
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1. Bruen’s bound
Let AG(n; q) be the n-dimensional Desarguesian a7ne space of order q. A t-
inter-section set A in AG(n; q) (where t is some positive integer) is a set of points,
such that every hyperplane meets A in at least t points. Jamison [6], Brouwer and
Schrijver [3] independently proved that every 1-intersection set in AG(n; q) has at least
n(q−1)+1 points. Since the union of n independent lines through a common point is a
1-intersection set, such bound cannot be improved. In 1992, Bruen generalized the lower
bound of Jamison, Brouwer and Schrijver:
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Theorem 1 (Bruen [5]). If A is a t-intersection set in AG(n; q), then
|A|¿(n+ t − 1)(q− 1) + 1: (1)
For n=2 and t¿1 the sharpness of (1) is dealt with in [1,2,4]. It turns out that
sometimes equality occurs, whereas for given values of t and q there are better lower
bounds. Here we prove:
Theorem 2. If A is a t-intersection set in AG(n; q), and |A|=(n+ t − 1)(q− 1) + 1,
then either n=2 and t= q, or
t6
(n− 1)(q− 1) + 1
2
: (2)
Proof. Let ! := (n−1)(q−1)+1. By counting the points of A on q parallel hyperplanes,
we obtain |A|¿tq, and
t6!: (3)
By Theorem 1, a hyperplane H exists such that
|H ∩A|= t: (4)
Now assume that there exists an (n− 2)-dimensional subspace of AG(n; q), say T ,
such that T ∩A= ∅. By counting the points of A on the q+ 1 hyperplanes containing
T , we obtain |A|¿t(q+ 1), and this implies (2).
Now we may assume that every (n − 2)-dimensional subspace meets A in at least
one point. By Theorem 1, with t=1 and n decreased by one, every hyperplane of
AG(n; q) meets A in at least ! points. From (3) and (4), we obtain t=! and |A|=!q.
Therefore, every hyperplane of AG(n; q) meets A in exactly ! points. Let U be an
(n − 2)-dimensional subspace, and  := |U ∩A|. By counting the points of A on the
hyperplanes through U , we obtain !q= +(q+1)(!−), hence =!=q. Once again,
we apply Theorem 1 to a hyperplane, with t= ; this yields !¿(n−2+)(q−1)+1,
then != q, and the proof is complete.
Now the question arises, whether Bruen’s bound is sharp for values of t near or
equal to the integer part of the right-hand side of (2). We give some answers to this
question.
For n=2; q odd and greater than three, and t=(q− 1)=2, a result by Blokhuis [2]
gives |A|¿(t + 1)q− 1. Therefore, in this case the answer is negative.
Now let n=2; q even, and t= q=2. Let  be a dual (q+ 2)-arc in PG(2; q), i.e. a
set of q+2 lines, no three of which are concurrent. Assume that AG(2; q) is obtained
by deleting a line of . Let A be the set of the points of AG(2; q) belonging to two
lines of . Every line of AG(2; q) intersects A in either q or q=2 points, and the size
of A; |A|=(q2 + q)=2, meets Bruen’s bound (1).
It should be noted that the previous example is essentially unique. As a matter of
fact, if S is a set of points in an a7ne plane of order q, and S meets every line in at
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least q=2 points, then (i) |S|¿(q2 + q)=2, and (ii) if in addition |S|=(q2 + q)=2, then
the lines which meet S in more than q=2 points form a dual (q+1)-arc whose nucleus
is the line at inMnity.
For n=3; t= q − 1, the hyperbolic quadric, say Q, of AG(3; q), having
tangent plane at inMnity (hyperbolic paraboloid) is a (q − 1)-intersection set of size
|Q|= q2 =(n+ t − 1)(q− 1) + 1.
An example of a 2-intersection set in AG(4; 2), for which both equalities in (1) and
(2) hold, is a hyperboloid. Up to isomorphisms of AG(4; 2), the points of a hyperboloid
are:
{1000; 0100; 0010; 0001; 1100; 0011}:
The argument used in the proof of Theorem 2 gives a bound that is better than (1)
for large t:
Theorem 3. If A is a t-intersection set in AG(n; q), then
|A|¿(q+ 1)t −max
{
0; q
⌊
t − 1
q− 1 − n+ 2
⌋}
: (5)
Proof. Let U be an (n − 2)-dimensional subspace which meets A in the minimum
number, say u, of points. If u¿0, then (1) yields
u6
⌊
t − 1
q− 1 − n+ 2
⌋
:
Then, (5) follows from counting the points of A on the hyperplanes through U .
For q=2 and q=3, the hyperboloid of AG(4; q) is a (q2−q)-intersection set which
size, q3− q, is equal to the right-hand side of (5). Once again we Mnd quadrics which
are intersection sets of minimum size with respect to given parameters t; n and q. It
remains open the following more general:
Question. What are the quadrics in the Mnite a7ne spaces which are also intersection
sets of minimum size?
2. A combinatorial characterization of the hyperbolic quadric in PG(3; q)
In AG(3; q) there are (q − 1)-intersection sets of size q2 which are diPerent from
the hyperbolic paraboloid. Indeed, a more general example is the following: take q
parallel planes and a line on each plane, such that the lines are pairwise non-parallel.
The union of that lines is a (q − 1)-intersection set of size q2. Therefore, if we want
a combinatorial characterization of the hyperbolic quadric in dimension three, we need
stronger assumptions.
We will call an a4ne plane in PG(n; q) the diPerence between a (projective)
plane  and a line contained in . An a4ne line is a projective line without one
point.
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Theorem 4. Let S be a set of points of PG(3; q) meeting every a4ne plane in at
least q− 1 points. Then (i) |S|¿(q+ 1)2; (ii) if in addition |S|=(q+ 1)2, then S is
a hyperbolic quadric.
Proof of (i). Let  be a projective plane. Since q¿1; ∩ S is non-empty. Take a point
P ∈ ∩ S and a line ‘ of  through P; there exists a point Q contained in (\‘)∩ S.
If m is the line joining P and Q, then \m contains at least q − 1 more points of S.
So, every projective plane intersects S in at least q+ 1 points.
We now distinguish three cases.
1. There exists a projective line ‘ such that S ∩ ‘= ∅. In this case the proof is trivial.
2. There exists a projective line m contained in S. Let  be a projective plane contain-
ing m. Then S\ is a (q − 1)-intersection set in the a7ne space PG(3; q)\, and,
by Theorem 1, |S\|¿q2. This implies that there is an a7ne plane  such that m is
the line at inMnity of , and |∩ S|¿q. Therefore, |(∪m)∩ S|¿2q + 1. Since the
complementary set of ∪m contains at least q2 points of S, we obtain (i).
3. Otherwise, S is a blocking set with respect to the lines of PG(3; q). In this case
the well-known lower bounds for the size of a blocking set in PG(2; q) yield
|S|¿(q+ 1)2.
Proof of (ii). A set T of points in PG(3; q) will be called t-secant if |T ∩ S|= t. We
prove (ii) in several steps.
(S1) Every projective plane, that contains a 0-secant projective line, is (q + 1)-
secant. This follows by counting the points of S on the q + 1 planes through such
a 0-secant line: they are at least (q + 1)-secant, so we obtain |S|¿(q + 1)2, and the
equality occurs only if every plane is (q+ 1)-secant.
(S2) Every (q + 1)-secant projective plane intersects S in a (q + 1)-arc. Indeed,
if a projective plane  contains a t-secant line ‘ with t¿2, then |S ∩ (\‘)|¿q − 1
implies |S ∩ |¿q+ 1.
(S3) If S contains a projective line ‘, then every projective plane containing ‘ is
(2q+1)-secant. Indeed, assume that there is a t-secant projective plane  containing ‘,
and t¿2q + 1. Then |S\|¡q2 contradicts Theorem 1. Therefore, every a7ne plane,
having ‘ as line at inMnity, contains at most q points of S. Since |S\‘|= q2 + q, every
such a7ne plane is q-secant.
(S4) If S contains a projective line ‘, and N is a point not belonging to S, then there
is a 0-secant projective line containing N. Assume on the contrary that (S4) is false.
Let  be the projective plane containing both ‘ and N . Let A be the complementary
a7ne space. By (S3), |∩ S|=2q+ 1, hence |A∩ S|= q2. It follows that every a7ne
line of A, having N as point at inMnity, is a 1-secant line. Then each a7ne plane in
A, whose line at inMnity contains N , is q-secant. Next, let  be an a7ne plane in A
with ‘ as line at inMnity; also  is q-secant. Let r be a 0-secant a7ne line in . By
counting the points of A∩ S on the a7ne planes through r we obtain the contradiction
|A∩ S|¿q2, because at least two of such planes are q-secant.
(S5) If S contains no projective line and N is a point not belonging to S, then
there is a 0-secant projective line containing N. Assume on the contrary that every line
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containing N intersects S. Then there are at most q lines through N which share more
than one point with S. It follows that there exists a projective plane  containing
N , such that every projective line of  through N is 1-secant. There also exists a
projective plane ′ containing N , such that exactly q lines of  through N are 1-
secant, and there is one line, say ‘, through N and in ′, which is t-secant with t¿1.
By (S2), ∩ S is a (q+ 1)-arc, so N is its nucleus (and q is even). In ′ there is no
0-secant line, by (S1). Hence B := ′ ∩ S is a so-called Blocking set of RQedei type, i.e.
B has exactly q points outside ‘. If ‘′ (
= ‘) is a line containing more than one point
of B\‘, then ‘′ intersects ‘ in a point of B. This implies that the points of B\‘ are not
collinear. Furthermore, in ∩ ′\(S ∪{N}) there is a point P lying on a projective line
m of ′, such that m intersects B in at least three points. Since P is not the nucleus
of ∩ S, there is a 0-secant projective line, say m′, through P and in . By (S1)
and (S2), the projective plane containing m and m′ intersects S in a (q + 1)-arc, a
contradiction.
We summarize (S4) and (S5):
(S6) Every point outside S belongs to a 0-secant projective line.
(S7) If a projective line ‘ contains three points of S, then ‘⊆ S. Assume on the
contrary that the projective line ‘ contains three points of S and that there is P ∈ ‘\S.
By (S6) there is a 0-secant projective line containing P, say m. Let  be the projective
plane containing ‘ and m. By (S1) and (S2), ∩ S is a (q+ 1)-arc, a contradiction.
(S8) Every point P ∈ S belongs to at least two (q+1)-secant lines. By (S1), (S2),
(S6), S is union of (q+ 1)-arcs, q+ 1 in number. Therefore, P belongs to a 1-secant
projective line ‘. By counting the points of S on the lines through P we see that there
is at least one t-secant projective line, say m, containing P and such that t¿2. By
(S7), t= q+1. Let  be the projective plane containing ‘ and m. From (S3) and (S7)
we obtain that ∩ S is the union of two lines through P.
(S9) S is a hyperbolic quadric. Let ‘ be a projective line contained in S (cf. (S8)).
Call P1; P2; : : : ; Pq+1 the points of ‘. By (S8), for every i=1; : : : ; q + 1, there is a
projective line ‘i such that ‘i ∩ ‘= {Pi} and ‘i⊆ S. Any two lines of ‘1; ‘2; : : : ; ‘q+1 are
skew, by (S3). Now, (S7) implies that S is the union of all projective lines intersecting
‘1; ‘2; ‘3.
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